In 1887 W. Voigt published a paper that marked the birth of physical symmetries in field theories. He demanded form invariance of the wave equation in inertial frames and obtained a set of spacetime transformations that broke two pillars of Newtonian physics when introducing the non-absolute time: We suggest a pedagogical presentation in which the Voigt transformations are introduced after discussing the Galilean transformations but before presenting the Lorentz transformations.
In 1887 W. Voigt published a paper that marked the birth of physical symmetries in field theories. He demanded form invariance of the wave equation in inertial frames and obtained a set of spacetime transformations that broke two pillars of Newtonian physics when introducing the non-absolute time: t ′ = t − vx/c 2 and implying the constancy of the speed of light: c ′ = c. In 1905 H. Poincaré showed that the wave equation was also invariant under the Lorentz transformations. Voigt We suggest a pedagogical presentation in which the Voigt transformations are introduced after discussing the Galilean transformations but before presenting the Lorentz transformations.
I. INTRODUCTION
Woldemar Voigt published in 1887 the article [1] : "On Doppler's Principle" which has unfortunately received little recognition by physicists and historians of physics [2] [3] [4] [5] [6] . Apparently, he was the first -or at least one of the firsts-who demanded form invariance of a physical law to obtain a set of transformation equations. This remarkable idea began the search for physical symmetries in field theories. More precisely, Voigt demanded form invariance of the homogeneous wave equation in inertial frames and obtained a set of spacetime transformations now known as the Voigt transformations [7] :
where γ = 1/ 1 − v 2 /c 2 is the Lorentz factor. The reader will have noticed that the Voigt transformations are similar to the well-known Lorentz transformations of special relativity:
If the right-hand of the Voigt transformations in Eq. (1) is multiplied by the factor γ then the Lorentz transformations in Eq. (2) are obtained. In 1905 Poincaré [8] demonstrated that the homogeneous wave equation was invariant under the transformations in Eqs. (2) . Therefore the Voigt and Lorentz transformations are closely related and it would be worthwhile to discuss this relation from a pedagogical point of view [9] . Three brief comments enlighten the conceptual and historical importance of Voigt's 1887 paper: (i) Voigt transformations were obtained by the requirement of keeping the same form of the wave equation under inertial frames, and this is * ricardo.heras.13@ucl.ac.uk one application of which would be known later as the first postulate of special relativity. (ii) Form invariance of the wave equation carried the invariance of the speed of light, which constitutes the second postulate of special relativity. Remarkably, Voigt assumed the constancy of the speed of light about 18 years before Einstein's celebrated paper on special relativity [10] . (iii) As a consequence of the invariance of the speed of light: c ′ = c, the well-established Newtonian notion of absolute time: t ′ = t should be replaced by the non-absolute time: t ′ = t − vx/c 2 . According to Ives [11] this was the first suggestion that: "...a 'natural' clock would alter its rate on motion." In this same sense Simonyi [12] claims that when demanding form invariance of the wave equation, Voigt was "...opening the possibility for the first time in the history of physics to call into question the concept of the absolute time." Voigt's non-absolute time was independently introduced in 1895 by H. A. Lorentz [13] who called it "the local time." Interestingly, in a paper devoted to the Doppler effect, Voigt was inadvertently laying the fundamentals of special relativity nearly two decades before Einstein. As pointed out by Ernst and Hsu [2] : "He was very close to suggesting a conceptual framework for special relativity."
The reader might be surprised by the fact that Voigt's transformations are not mentioned in standard textbooks [14] . His surprise would be even greater when he could have observed that these transformations imply the same velocity transformation law of the special relativity:
which is fully consistent with Voigt's assumption about the invariance of the speed of light, that is, if v x = c is inserted in Eq. (3) then it yields v ′ x = c. In addition, a further application shows that the Doppler effect predicted by the Voigt transformations turns out to be identical to that predicted by special relativity [4, 5] . The reader might be even more puzzled by the fact that Voigt obtained a set of transformations different from those of Lorentz, despite the fact that he essentially applied the two postulates of special relativity to the homogeneous wave equation.
Unfortunately, the Voigt transformations do not form a group [3, 4] and this seems to be the main reason for which these transformations have been overlooked in textbooks. Another reason seems to be the absence of a simple and pedagogical approach to derive these transformations. The original derivation presented by Voigt [1] is certainly not pedagogical nor easy-to-follow. In contrast, there are many pedagogical and easy-to-follow derivations of the Lorentz transformations, some of which are given in Ref. [15] .
In We do not present here a full discussion on the physical or unphysical predictions of Voigt's transformations. We only point out some of these predictions briefly to emphasize the pedagogical usefulness of introducing these transformations as well as their historical and conceptual importance.
In Sec. II we derive the Lorentz transformations from the invariance ✷ 2 = ✷ ′2 . In Sec. III we obtain the Voigt transformations from the conformal invariance ✷ 2 = (1/γ 2 )✷ ′2 . In Sec. IV we discuss the ideas of invariance and conformal invariance in the context of the Lorentz and Voigt transformations. In Sec. V we point out the relation between Lorentz and Voigt transformation in the four-dimensional spacetime and show that the latter do not form a group. In Sec. VI we suggest the pedagogical presentation: Galilean Trans. → Voigt Trans. → Lorentz Trans. In Sec. VIII we emphasize the conceptual importance of the Voigt's 1887 paper. In the Appendix A we derive the Voigt transformations for the space and time derivative operators.
II. THE D'ALAMBERT OPERATOR AND THE LORENTZ TRANSFORMATIONS
It is well-known that the D'Alambert operator is invariant under the Lorentz transformations. This result naturally suggests that the Lorentz transformations may be obtained from the invariance of the D'Alambert operator. Although this suggestion is correct, its explicit proof does not seem to be widely known in the standard literature. In this section we present such a proof which is inspired in one given by Parker and Schmieg [16] .
In order to introduce notation and for future reference, we will first show that the D'Alambert operator is invariant under the Lorentz transformations. For simplicity, we consider the standard configuration in which two inertial frames S and S ′ are in relative motion with speed v along their common xx ′ direction. The origins of the two frames coincide at the instant t = t ′ = 0. The coordinates transverse to the relative motion of the frames S and S ′ are assumed to be invariant: y ′ = y and z ′ = z. The corresponding derivative operators are also assumed to be invariant: ∂/∂y = ∂/∂y
, we derive the transformation laws for the derivative operators [17] :
Using these transformations and
From the definition of the factor γ we have γ
and therefore Eq. (5) clearly shows the invariance of the D'Alambert operator: ✷ 2 = ✷ ′2 . We will now travel the inverse route and demand the invariance of the D'Alambertian to obtain the Lorentz transformations. We consider again the standard configuration and assume ∂/∂y = ∂/∂y ′ and ∂/∂z = ∂/∂z ′ . The invariance of the D'Alambertian can be expressed as
(6) A simple mathematical manipulation shows that Eq. (6) can be expressed as
By assuming linearity for the involved transformations of operators, we can write the quantities
and ∂/∂y = ∂/∂y ′ and ∂/∂z = ∂/∂z ′ . Insertion of these quantities in the left-hand side of Eq. (7) leads to an identity. The factor A is independent of the derivative operators but can depend on the velocity v and A −1 = 1/A. In order to determine A, we demand that the expected linear transformation relating primed and unprimed time-derivative operators should appropriately reduce to the corresponding Galilean transformation [18] :
Our demand is consistent with a linear transformation of the general form:
By combining these equations we can derive the expressions
which can conveniently be written as
Insertion of these quantities into Eq. (8) gives
By adding and subtracting these equations, we obtain the transformation laws
which must be completed with ∂/∂y = ∂/∂y ′ and ∂/∂z = ∂/∂z ′ . These laws are the Lorentz transformations for derivative operators of the standard configuration. We note that the relations in Eq. (13) imply coordinate transformations of the form:
To find the explicit form of these transformations we can use Eq. (13) to obtain
The first relation in Eq. (14) implies (I):
, where f 1 (t) can be determined (up to a constant) by deriving (I) with respect to the time t and using the second relation in Eq. (14): ∂x ′ /∂t = ∂f 1 (t)/∂t = −γv. This last equality implies (II): f 1 (t) = −γvt+ x 0 , where x 0 is a constant. From (I) and (II) we obtain
The third relation in Eq. (14) implies (III):
, where f 2 (x) can be obtained (up to a constant) from deriving (III) with respect to x and using the last relation in Eq. (14):
This last equality implies (IV): f 2 (x) = −γvx/c 2 + t 0 , where t 0 is a constant. From (III) and (IV) we obtain
The origins of the frames S and S ′ coincide at the time t = t ′ = 0 and therefore we have x 0 = 0 and t 0 = 0. In this way we obtain the Lorentz transformations of the standard configuration:
which must be completed with the remaining transformations: y ′ = y and z ′ = z.
III. THE D'ALAMBERT OPERATOR AND THE VOIGT TRANSFORMATIONS
The Voigt conformal invariance of the D'Alambert operator is defined by the set of transformations that satisfy the relation [19] 
We adopt again the standard configuration of the inertial reference frames S and S ′ but now we do not assume that the coordinates transverse to the relative motion of these frames are invariant. As a first step, we will verify that Voigt transformations in Eq. (1) satisfy Eq. (18) . In the Appendix A we explicitly show that the transformations in Eq. (1) imply the following transformation laws [4] :
′ and ∂/∂z = (1/γ)∂/∂z ′ . From these relations it follows that
Making use of Eqs. (19) and (20) we obtain
This equation is the explicit form of Eq. (18). Now we will demand the covariance of the D'Alambert operator to derive the Voigt transformations. This derivation is similar to that proposed in the previous section to obtain the Lorentz transformations. We consider again the standard configuration and assume Eq. (18), or equivalently, Eq. (21) 
By assuming linearity for the corresponding transformations of derivative operators, we can write
where the quantity A is independent of the derivative operators but can depend on the velocity v. Following essentially the same argument leading to Eq. (9) we can arrive at the expressions
Dividing these relations, we obtain the same equations for A and A −1 given in Eq. (11). Therefore, using Eq. (11) in the first two relations displayed in Eq. (23) we obtain
By adding and subtracting these equations, we obtain the corresponding transformation laws connecting unprimed and primed derivative operators, which are added to the transformation laws for ∂/∂y and ∂/∂z to obtain [4]
These are the Voigt transformations for derivative operators of the standard configuration. A direct manipulation of Eq. (26) yields the corresponding inverse transformations [4] :
The first two relations in Eq. (26) imply coordinate transformations of the form: x ′ = x ′ (x, t) and t ′ = t ′ (x, t). To find the explicit form of these transformations we can use Eqs. (26) to obtain
From the first relation in Eq. (28) it follows the equation (A):
, where g 1 (t) can be determined (up to a constant) by deriving (A) with respect to the time t and using the second relation in Eq. (28): ∂x ′ /∂t = ∂g 1 (t)/∂t = −v. This last equality implies (B): g 1 (t) = −vt + x 0 , where x 0 is a constant. From (A) and (B) we obtain
The third relation in Eq. (28) implies (C): t ′ = t + g 2 (x), where g 2 (x) can be obtained (up to a constant) from deriving (C) with respect to x and using the last relation in Eq. (28):
This last equality implies (D): g 2 (x) = −vx/c 2 + t 0 , where t 0 is a constant. From (C) and (D) we conclude
The origins of the frames S and S ′ coincide at t = t ′ = 0. It follows that x 0 = 0 and t 0 = 0. In this way we obtain the Voigt transformations for the x and t coordinates of the standard configuration:
The transformations for the y and z coordinates are easily derived. From the last two relations in Eq. (26) we obtain ∂y ′ /∂y = 1/γ and ∂z ′ /∂z = 1/γ which in turn imply y ′ = y/γ + y 0 and z ′ = y/γ + z 0 , where y 0 and z 0 are constants, which are vanished because the origins of the frames S and S ′ coincide at the time t = t ′ = 0. Thus
Equations (31) and (32) are the Voigt transformations of the standard configuration. A direct manipulation of Eqs. (31) and (32) yields to the corresponding inverse transformations [5] :
We note that the inverse transformations in Eqs. (33) are obtained from the transformations in Eqs. (31) and (32) by changing the roles of the primed and unprimed variables, reversing the sign of the velocity v and multiplying the righthand side of Eq. (31) and (32) by the factor γ 2 .
IV. INVARIANCE VS CONFORMAL INVARIANCE
Lorentz and Voigt transformations are useful to illustrate the subtle difference between invariance and conformal invariance. The next examples emphasize this difference.
Using Eq. (2) we can directly show the result
Evidently, the quantity: Using Eq. (1) we can directly show the result
The quantity We apply now the same order of ideas to the case of the D'Alambert operator. As already noted, this operator is invariant under the Lorentz transformations: ✷ 2 = ✷ ′2 . Consider now the invariant scalar field F (x, t), which satisfies
Therefore the homogeneous scalar wave equation is also Lorentz invariant. In short,
We have pointed out that the D'Alambert operator is conformally invariant or covariant under the Voigt transformations:
If we consider again the field F (x, t) then the quantity ✷ 2 F is Voigt conformally invariant [or Voigt covariant]:
The homogeneous scalar wave equation is then Voigt conformally invariant [or Voigt covariant]. In few words:
Notice that the following statement: "if an equation holds in an inertial frame then it must hold in every inertial frame" is supported by the notions of invariance and covariance (or more precisely conformal invariance in our case). This explains why one can obtain two different sets of transformations by demanding the validity of the wave equation in two inertial frames. Let us elaborate on this point. In order to satisfy the demand: ✷ 2 F = 0 in S and ✷ ′2 F ′ = 0 in S ′ , we can simply assume F = F ′ and ✷ 2 = ✷ ′2 and the latter leads to the Lorentz transformations. However, we can equally assume F = F ′ and ✷ 2 = (1/γ 2 )✷ ′2 and the latter leads to the Voigt transformations. Invariance and covariance (or conformal invariance) are connected with the same idea: "unchange in form" but in different forms. Roughly speaking, covariance implies invariance but the latter does not imply the former.
V. THE RELATION BETWEEN LORENTZ AND VOIGT TRANSFORMATIONS
The close relation between Lorentz and Voigt transformations is easily established using four-dimensional spacetime coordinates. Greek indices α, β, . . . run from 0 to 3; Latin indices i, j, . . . run from 1 to 3. Points are labeled as
3 ) = (ct, x, y, z) in the frame S and
in the frame S ′ . Summation convention on repeated indices is adopted. As is well-known, the Lorentz transformations in Eq. (2) can be written as
where
is the Lorentz matrix. Analogously, the Voigt transformations in Eq. (1) can be written as
is the Voigt matrix. The relation between the Lorentz and Voigt matrices is given by
that is, the Lorentz matrix is proportional to the Voigt matrix. Using Eq. (42) we can find directly properties of the Voigt transformations from those of the Lorentz transformations. The Lorentz matrices satisfy the relation Λ 
Therefore γ 2 V θ β can be interpreted as the inverse of V α θ , which can be denoted as (V −1 ) θ β . In its explicit form, this inverse reads
The Lorentz matrices are defined to be those matrices satisfying Λ µ α η µν Λ ν β = η αβ , where
It follows that the Voigt matrices are defined to be those matrices satisfying
Despite the close relation between Lorentz and Voigt matrices, the latter do not form a group [3, 4] . To see this we can write Eq. (46) in the more compact form:
. We consider the Voigt matrices V 1 and V 2 to investigate if their product V 1 V 2 is also another Voigt matrix (closure property).
At first glance, it appears to be that the Voigt matrices satisfy the closure property. But this is not so because the assumption γ 3 = γ 1 γ 2 is incorrect. It can be shown that [20] :
. Therefore the Voigt matrices do not satisfy the closure property. Consequently, the Voigt transformations do not form a group since two successive Voigt transformations do not yield another Voigt transformations. This makes them unattractive from a physical point of view because they break the equivalence of the inertial frames. As pointed out by Levi-Leblond [21] : "The physical equivalence of the inertial frames implies a group structure for the set of all inertial transformations." However, we should argue in favour of Voigt's transformations that some of their predictions, like the transformation law for velocities and the formula for the relativistic Doppler effect, are also predictions of the Lorentz transformations [22] .
VI. PEDAGOGICAL COMMENT
As above pointed out, the Voigt transformations are not mentioned in textbooks despite the fact that these transformations can be derived from considerations of invariance in the wave equation, being this equation one of the most discussed in textbooks. However, Voigt's transformations preserving the Galilean transformation x ′ = x−vt and rejecting the absolute time t ′ = t, could be pedagogically used as a previous step before introducing the Lorentz transformations. This means that the conventional presentation of the Lorentz transformations starting with the Galilean transformations could be pedagogical improved by including an intermediate step in which the Voigt transformations are discussed. In a symbolic form, we suggest the following order of a pedagogical presentation Galilean Trans. → Voigt Trans. → Lorentz Trans. (48) After all, the usual justification to introduce the Lorentz transformations is the fail of the Galilean transformations in preserving the form of the wave equation [23] , failure that do not exhibit the Voigt transformations. Furthermore, the implications displayed in Eq. (48) follow the historical development. The instructor can adopt the point of view that the noninvariance of the wave equation in inertial frames was not the historical cause of a conflict between Galilean and Lorentz transformations but between Galilean and Voigt transformations. In a second step he could provide physical arguments why the Voigt transformations must be abandoned in favour of the Lorentz transformations [24] . More importantly, he could emphasize the transcendental idea, first pointed by Voigt, that the origin of physical symmetries lies in the invariance properties of physical equations.
VII. THE LEGACY OF VOIGT'S 1887 PAPER
Some brief reflections could explain the little impact caused by Voigt's 1887 paper among their contemporaries: (I) The main purpose of Voigt's paper was not to propose the ambitious idea of a new theory of space and time but simply to study the propagation of oscillating disturbances through an elastic incompressible medium and deduce the formula for the observed Doppler effect. (II) The process of finding a set of transformations that leave invariant the wave equation was not stressed in Voigt's paper as a new and fundamental idea. The only four words used by Voigt to justify this invariance were [1] : "as it must be" (or "da ja sein muss" in the original German version). (III) Voigt did not provide any physical interpretation of his non-absolute time: t ′ = t − vx/c 2 nor commented anything about his proposal of the invariant character of the speed of light in inertial frames. Apparently, Voigt did not realized the great conceptual importance of his results. In connection with Voigt's ideas presented in his 1887 paper, Hsu has pointed [25] : "If the physicists of the time had been imaginative enough, they might have recognized the potential of these ideas to open up a whole new view of physics."
In the creation of special relativity, we traditionally find the names of Lorentz, Larmor, Poicaré and Einstein. They appear to be the main actors. Voigt is relegated to being a minor player, in the best of cases. But this tradition is not faithful to the history of physics, since Voigt was the first in applying the two postulates of special relativity. He deserves a place in textbooks. The idea of demanding that the wave equation should not change its form when observed by different inertial frames, was the great conceptual contribution of Voigt, since it opened the gate to the world of physical symmetries. This is the legacy of Voigt's 1887 paper. 
If now we consider F as a function of the coordinates x, y, z and t of the frame S then the total differential can be written as 
